Abstract. In this paper we complete the study started in [Existence of entire solutions for quasilinear equations in the Heisenberg group, Minimax Theory Appl. 4 (2019)] on entire solutions for a quasilinear equation (E λ ) in H n , depending on a real parameter λ, which involves a general elliptic operator A in divergence form and two main nonlinearities. Here, in the so called sublinear case, we prove existence for all λ > 0 and, for special elliptic operators A, existence of infinitely many solutions (u k ) k .
INTRODUCTION
Lately, great attention has been devoted to nonlinear elliptic problems involving critical nonlinearities, in the context of stratified groups. We just refer to [2, [7] [8] [9] and to the references therein. Indeed, Geometric Analysis in the Heisenberg group, and more in general in sub-Riemannian manifolds, represents one of the currently most active and exciting areas of mathematics. The main reason lies in the fact that the Heisenberg group H n , n = 1, 2, 3, . . . , plays an important role in several branches of mathematics, such as representation theory, partial differential equations, number theory, several complex variables and quantum mechanics.
Actually, several recent results have been also established by many authors in the Euclidean elliptic setting. We mention only [11] , as well as the references and comments given there, since this paper is an extension of [11] to the Heisenberg setting and also a completion of the study started in [9] on existence of entire solutions for a quasilinear equation (E λ ) in H n , depending on a real parameter λ, which involves a general elliptic operator A in divergence form and two main nonlinearities. More precisely, we consider here as in [9] the one parameter elliptic equation in
where λ ∈ R and A : H n × H H → H H admits a potential A , with respect to its second variable ξ, while H H is the span generated by {X j , Y j } n j=1 , and
are vector fields for any j = 1, . . . , n. The horizontal vector field A satisfies the following assumption (A 1 ), required throughout the paper.
(A 1 ) The potential A = A (q, ξ) is a continuous function in H n × H H , with continuous derivative with respect to ξ, A = ∂ ξ A (q, ξ), and verifies:
(iii) There exist positive constants c 1 , c 2 > 0 and an exponent p such that
for all (q, ξ) ∈ H n × H H , where 1 < p < Q, and Q = 2n + 2 is the homogeneous dimension of H n , while (·, ·) H is the natural inner product in H H and | · | H the related norm introduced properly in Section 2.
Let r be the Heisenberg norm, defined for all q = (z, t) ∈ H n by r(q) = (|z|
where | · | is the Euclidean norm in R
2n
. In the entire paper we assume for (E λ ) conditions 
The coefficients h and w are related by the condition that either
where p * is the Hölder conjugate of p * .
For detailed comments, concerning natural conditions under which (1.3) is weaker than (1.2), we refer to the Introduction of [9] .
The elliptic equation (E λ ) is quasilinear, with two competing nonlinear terms which combine each other. The presence of a possible critical or supercritical nonlinearity makes the study fairly delicate. In the Euclidean setting several papers are devoted on problems of this kind, we just cite for historical comments given in the papers [1, 10, 11] and in the references therein. Motivated by these papers, we extend the multiplicity result of [11] from the Euclidean to the Heisenberg setting. However, (E λ ) is more delicate to handle in the Heisenberg setting, since the general framework produces new interesting complications, as shown in [9] . In any case, this paper is strongly based on the preliminary key properties proved in [9] .
Equation (E λ ) is variational and the entire (weak) solutions u of (E λ ) are exactly the critical points of the underlying energy functional Φ λ : X → R, defined by
for all u ∈ X, where X is the natural solution space of (E λ ), introduced properly in the next Section 2 together with the involved weighted Lebesgue spaces. 
for any q ∈ H n and all ξ, η ∈ H H , is satisfied, then for all λ > 0 equation (E λ ) has at least two nontrivial nonnegative entire solutions, and actually (E λ ) possesses infinitely many solutions (u k ) k , whose negative critical values c k = Φ λ (u k ) tend to 0 as k → ∞, where Φ λ is the underlying functional of (E λ ), defined above.
, satisfies (A 1 ) and (A 2 ), provided that 1 < p < Q. This popular prototype is the non-homogeneous horizontal p-Laplacian operator on the Heisenberg group, with continuous coefficient. Therefore, in the subcase α ≡ 1,
reduces to the so called horizontal p-Laplacian on the Heisenberg group. When p = 2 it becomes the Kohn-Spencer Laplacian operator ∆ H . Several standard convexity conditions on A imply (A 2 ). This is shown in the Remark of Section 3 of [11] . Concerning the famous condition (1.2) we refer to the historical comments given in [9, 11] . We recall in passing that under very general 250 Patrizia Pucci assumptions Lemma 3.1 of [9] shows that if (E λ ) admits a nontrivial entire solution u ∈ X, then λ > 0.
The paper is divided into three sections. Section 2 contains some preliminaries and notations and Section 3 is devoted to the proof of Theorem 1.1.
PRELIMINARIES
We briefly recall the relevant definitions and notations related to the Heisenberg group functional setting. For a complete treatment, we refer to [3, 5, 6] .
Let H n denote the Heisenberg group of dimension 2n + 1, that is the Lie group whose underlying manifold is R 2n+1 , endowed with the non-commutative group law
The Heisenberg group H n is the most commutative among the non-commutative Lie groups, and hence gives the greatest opportunity for generalizing the remarkable results stated in Euclidean analysis.
In H n the natural origin is denoted by O = (0, 0). Define
2n
. The Korányi norm is homogeneous of degree 1, with respect to the dilations δ R : (z, t) → (Rz,
Hence, the Korányi distance is
and the Korányi open ball of radius R centered at q 0 is 
as noted in [6] , the topological dimension 2n + 1 of H n is strictly less than its Hausdorff dimension Q. We denote by |E| the measure of any measurable set E ⊂ H n . Then
In particular, if E = B R , then |B R | = R Q w Q , where w Q is the measure of the unit sphere of H n . The vector fields for j = 1, . . . , n Let
produces the Hilbertian norm
Then the horizontal divergence is defined, for horizontal vector fields
If furthermore g ∈ C [9] and for a complete general treatment to [5] .
The natural solution space, associated to (E λ ), is X = (X, · ), where , where
Clearly E and X are well defined, since C ∞ c (H n ) ⊂ X ⊂ E. Moreover, X is a separable reflexive Banach space, as proved in Lemma 2.2 of [9] . Finally, the key historical condition (H 2 ) assures that the embedding
is compact.
